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Abstract

In the present study, the additional slope is used to consider the crack breathing, and is expressed explicitly in the

equation of motion as one of the inputs to produce the bending moment at the crack position. Inversely, the

additional slope is calculated by integrating on the crack region based on a fracture mechanics concept. The response

of a cracked rotor is formulated based on the transfer matrix method. The transient behavior due to the crack breathing is

considered by introducing a ‘moving’ Fourier-series expansion concept to the additional slope. The time-varying

harmonic components of the additional slope are used to calculate the harmonic responses. The application con-

sidered is a general rotor model composed of multiple shafts, disks and cracks, and resilient bearings at both

ends. Verification analysis is carried out for a simple rotor model similar to those found in the literature. Using

the additional slope, the cracked rotor behavior is explained by the crack depth and rotation speed increase. It is

shown that region on the crack front line having the dominant stress intensity factor value moves from the central

area to both ends, as the crack depth increases. The result matches well with the crack propagation pattern shown in a

bench mark test in the literature. Whirl orbits near the critical and sub-critical speed ranges of the rotor are discussed. It is

shown that there exists some speed range near the critical speed, where the temporary whirl direction reversal and phase

shift exist. When an unbalance is applied, the peculiar features, such as the whirl direction reversal and phase shift,

disappear.

r 2007 Elsevier Ltd. All rights reserved.
1. Introduction

Transverse cracks in horizontal rotating shafts experience repeated opening and closing due to gravity force.
The repeated opening and closing induce large fatigue stresses on the crack front that normally leads to crack
propagation. This may severely damage the rotating machinery and lead to catastrophic and dangerous
failure. This has led to great effort in developing on-line fault detection systems and reliable methods of
diagnostics and analysis of such problems in recent years.

Since a crack directly affects the stiffness, the continuous change of the crack open status renders the
system stiffness characteristics to be nonlinear. Dimarogonas and Paipetis [1] and Dimarogonas and
ee front matter r 2007 Elsevier Ltd. All rights reserved.
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Papadopoulos [2] calculated a local compliance based on the fracture mechanics, and the local
compliance was used by many researches [3,4]. The local compliances on the crack direction with fully
open crack and on the crack edge direction with half-open crack were used in calculating the response by
analyzing the applied forces and by vectorially adding the corresponding deflections during the rotation of
shaft [2].

Several people since the 1970s [5–8] have considered the stiffness change due to a crack and incorporated
this into the equations of motion, in the form of a time-periodic function changing between the maximum
stiffness value for the fully closed crack status and a minimum value for the fully open crack status. Jun et al.
[9] expressed the equation of motion with the response-dependent stiffness in a simple rotor. Using the crack
model [1] based on the fracture mechanics [10] and the idea of cross-coupled stiffness, Jun et al. [9] explained
the crack breathing and the dynamic behavior of cracked rotor through the numerical integration
(Runge–Kutta method). The crack openness was determined through the response solved by the governing
equation, and the response-dependent stiffness was calculated by integrating over only the open crack area.
Several successive researches using the same method were published [11,12]. However, because of the difficulty
in modeling, the research models were limited to a simple rotor system composed of mass, damping and spring
components.

In studying more realistic rotor models, the finite element method has been used by many researchers.
Nelson and Nataraj [13] considered the rotating stiffness variation in the model and solved the response
by the perturbation method. Keiner and Gadala [14] modeled cracked region using 3D solid element and
compared the responses using the suggested linearized 3D finite element model and the transient 3D finite
element model.

The transfer matrix method has also been used for rotor dynamics in many researches. Most commonly
used transfer matrix method was based on the lumped-mass model [15,16]. The transfer matrix for the shaft
element with distributed mass and stiffness, based on the Euler beam theory, was used in practical rotor
system [17]. When the lumped mass shaft model is used, there must be a sufficient number of stations to
represent the higher modes of interest. Tsai and Wang [18] used the transfer matrix based on the Timoshenko
beam theory in order to formulate the free bending vibration of the stationary shaft having a transverse open
crack and to derive a diagnostic method. They also expanded the transfer matrix for free vibration analysis for
the rotor having multiple steps, multiple open cracks, multiple disks and simply supported boundary condition
at both ends [19].

From the complex governing equation for a rotating shaft having the gyroscopic effect and torque, Jun [20]
derived the complex transfer matrix in a closed form for the distributed parameter model based on the
Timoshenko beam theory, and used it for deriving the influence coefficient for a general rotor model having
the resilient bearings at both ends. Using the idea, the response at an arbitrary position has been analytically
expressed.

The final purpose of the research on the cracked rotor is to extract a proper diagnostic method.
For this purpose, a more precise simulation of the cracked rotor behavior is required. This paper is
mainly focused on the derivation of a proper method for simulation of the cracked rotor dynamic motion
with a deeper consideration of the physical phenomena associated with the cracks and the general rotor
model. In the present paper, the linear transfer function of the rotor system is used, and the additional
slope at crack position as a self-excitation source is explicitly expressed and incorporated in the equation.
By considering the coupling between the response and the additional slope due to crack breathing,
an iterative method is proposed to simulate the dynamic behavior of cracked rotor. The response at
the crack location is analytically expressed using the method of Ref. [20]. The additional slope at the
crack during revolution is expressed in terms of the bending moment, which is one of the responses,
and is calculated by integrating over only the open crack area. The developed approach is used to
model a general rotor with multiple disks, shafts and cracks, and resilient bearings at each end. Another
simpler model is used for the sake of comparing results with those available in the literature and for
testing the developed approach. Changes in the introduced additional slope with the crack depth and
rotation speed are discussed. The distribution of the maximum stress intensity factor (SIF) with crack
propagation is also discussed. Peculiar orbit characteristics are discussed near the critical and sub-critical
speed ranges.
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2. Behavior of cracked rotor

2.1. Motion coupled with crack opening

The key issues in developing an accurate modeling technique for a cracked rotor are the reduced stiffness of
the cracked cross-section, the variation of stiffness over one revolution due to the opening and closing of the
crack (crack breathing) and the complexity in geometry of the rotor, in particular in the region of the developing
crack. The crack opening reduces the local stiffness, and also makes the stiffness change continuously. The crack
breathing mechanism has been modeled in a variety of ways, all resulting in a time-varying local compliance
matrix, which is incorporated into the dynamic equations for the rotor. The equations of motion have been
solved analytically, in a linearized form, or numerically through time-integration. Full understanding of the
shaft motion includes studying the change of slope, bending moment and shear force distributions as well as the
deflection of the shaft; the first three items are directly related to the last one.

The crack opening is mainly dependent on the gravity, if there is no other forcing element, and it occurs
due to the bending moment resulting from gravity loads. The bending moment may be considered, however, as
one of the responses of the shaft under the motion and the problem is, therefore, strongly coupled each other.
Fig. 1 shows a diagrammatic sketch expressing the coupled phenomenon happening during a revolution.

The partially hatched circles in Fig. 1 show a spinning shaft at small angle intervals. At the angle (Ot)1,
according to the bending moment around crack, the crack opening status is determined. The magnitude and
direction of bending moment determine the crack opening status, which can be expressed as the additional
slope Da at crack. At the next angle (Ot)2, even though the shaft revolution is actually continuous, the response
including the bending moment is determined and another additional slope Da is calculated.

2.2. Coordinates system and variable definitions

Figs. 2 and 3 show the state variables in X�Z (vertical) and X�Y (horizontal) planes on ith shaft element of
the normal rotor, respectively. Introducing the complex quantities yields the complex state variables as
follows:

Ui ¼ Y i þ jZi,

ai ¼ fi þ jyi,

Mi ¼Mz;i þ jMy;i,

V i ¼ Vy;i þ jVz;i, ð1Þ
Derive bending 
moment 

Evaluate Δ�(Ωt1)

Derive bending 
moment at crack. 

Evaluate Δ�(Ωt2)

Derive bending 
moment at crack. 

at (Ωt)1

at (Ωt)2

at (Ωt)3

Fig. 1. Coupling of crack opening and response.
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Fig. 2. State variables of ith shaft element in X– Z plane.
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Fig. 3. State variables of ith shaft element in X– Y plane.
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where Zi, yi, My,i and Vz,i are the displacement, slope, bending moment and shear force in X�Z plane,
respectively, as shown in Fig. 2 and Yi, fi, Mz,i and Vy,i are the displacement, slope, bending moment and
shear force in X�Y plane, respectively, as shown in Fig. 3. The subscript i is the node number, and the
superscripts R and L denote the right- and left-hand sides of nodes, respectively.

The slope a, moment M and shear force V for the Timoshenko beam model has the following
relations [21]:

a ¼
dU

dx
;

M ¼ EI
d2U

dx2
� jT

dU

dx
;

V ¼ EI
d3U

dx3
� jT

d2U

dx2
þ rAr20ðo

2 � 2oOÞ
dU

dx
;

(2)

where E and r are Young’s modulus and mass density, respectively, and T is the torque on each end of the
shaft. A and I are the area and area moment of inertia of the cross-section, r0 is the radius of gyration, O is the
rotating speed and o is the natural frequency.

The transfer matrix for dynamic analysis, derived from rotating Timoshenko beam theory, and the transfer
matrix for static analysis, are introduced in Appendix A [20] and Appendix B, respectively.
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3. Allocation of crack in modeling

3.1. Consideration of crack opening status

Crack opening status may be determined from the bending moments at both ends of the shaft
having a crack at its mid-span. From the bending moments Mx and MZ on a rotating (x, Z) coordinate
frame, as shown in Fig. 4, the signs of the total SIF KI ¼ KI

x þ KI
Z (superscript I, denoting the usual

crack opening mode I in the fracture mechanics) along the crack tip line are determined. The additional
slope is obtained by integrating on the crack region excluding the region of negative KI since the
compression state of stress indicates that the crack is closed and not contributing to the additional
deflection [9,22].

As shown in Fig. 5, the SIF KI
MZ

, due to a positive value of bending moment MZ, on the crack front
of a strip having thickness dw is equal to the value for the crack under pure bending. The SIF KI

MZ
is

given by [10]

KI
MZ
ðwÞ ¼ s1ðwÞ

ffiffiffiffiffiffi
pa
p

F ða=a0Þ, (3)
y

z Ωt

M�

M�

M�

M�

�

�

Fig. 4. Moments applied on a shaft containing a transverse crack.
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Fig. 5. Cross-section of shaft at crack position.
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where s1(w) ¼ (�MZ) (a0/2)/pD4/64,

F ða=a0Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2a0

pa
tan

pa
2a0

r
0:923þ 0:199 1� sin pa=2a0

� �4
cos pa=2a0

and a0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2 � 4w2
p

.
a0 and a are the total width and crack depth of the strip having thickness dw, respectively, and D is the

diameter of shaft. w is the position of the strip from x axis along the positive Z direction.
For the moment Mx on the same strip, the SIF KI

Mx
is expressed in a similar manner as follows:

KI
Mx
ðwÞ ¼ s2ðwÞ

ffiffiffiffiffiffi
pa
p

F 0ða=a0Þ, (4)

where s2(w) ¼ (�Mx)w/(pD4/64),

F 0ða=a0Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2a0

pa
tan

pa
2a0

r
0:752þ 2:02ða=a0Þ þ 0:37 1� sin pa=2a0

� �3
cos pa=2a0

.

The total SIF KI(w) is given by

KI ðwÞ ¼ KI
MZ
ðwÞ þ KI

Mx
ðwÞ. (5)

Castigliano’s theorem gives the additional slopes due to the crack for Z and x axes, respectively, as

DaZ;crack ¼
1

2E

Z
A

ðKI
MZ
þ KI

Mx
Þ
qKI

MZ

qMZ
dA, (6)

Dax;crack ¼
1

2E

Z
A

ðKI
MZ
þ KI

Mx
Þ
qKI

Mx

qMx
dA, (7)

where

qKI
MZ

qMZ
¼

a0=2
pD4=64

ffiffiffiffiffiffi
pa
p

F ða=a0Þ,

qKI
Mx

qMx
¼

w

pD4=64

ffiffiffiffiffiffi
pa
p

F 0ða=a0Þ.

Assuming a completely open crack, the area integration may be explicitly performed by

Z
A

f dA ¼

Z ffiffiffiffiffiffiffiffiffiffiffi
aðD�aÞ
p

�
ffiffiffiffiffiffiffiffiffiffiffi
aðD�aÞ
p

Z a�ðD=2�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðD=2Þ2�w2
p

Þ

0

f dadw. (8)

3.2. Locating a crack at node

Consider an element between nodes i and i+1. The relation between the state vectors at both ends of the
shaft element is as follows:

Uiþ1

aiþ1

Miþ1

V iþ1

0
BBBB@

1
CCCCA

L

¼ ½C�i

Ui

ai

Mi

Vi

0
BBB@

1
CCCA

R

,

where [C]i is the transfer matrix of the ith shaft element having a crack at its mid-span. The superscripts L and
R denote the left- and right-hand sides of the corresponding nodes, respectively. The additional slope due to a
crack opening under bending moment at both ends of the cracked shaft can be expressed as shown in the
above section.
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The model in this study is, however, a little different from the crack model of Ref. [10], because the
bending moments at each end of a shaft element are different from each other. Nevertheless, if we locate
the crack at a node, this ambiguity may be alleviated. If a crack is located at the ith node, the change
in the response may be expressed by simply adding an extra slope due to crack opening to the point transfer
matrix, i.e.,

Ui

ai

Mi

Vi

8>>><
>>>:

9>>>=
>>>;

R

¼

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

2
6664

3
7775

Ui

ai

Mi

Vi

8>>><
>>>:

9>>>=
>>>;

L

þ

0

Da

0

0

8>>><
>>>:

9>>>=
>>>;
. (9)

The bending moments at both sides of the node, which determines the additional slope, are of the same
magnitude. Other variables except the slope, i.e., the deflection and the shear force, have same values at both
sides of the node.

Expressing the state vectors at a node with a crack using the notations in Appendix A, the relation is written
as follows:

fsgRi ¼ fsg
L
i þ fcgi, (10)

where

fsgi ¼

Ui

ai

Mi

V i

8>>><
>>>:

9>>>=
>>>;

and fcgi ¼

0

Da

0

0

8>>><
>>>:

9>>>=
>>>;
.

4. Response of a cracked rotor

The elastodynamic behavior of a thick uniform shaft is described by considering the rotary inertia and shear
deformation of the cross-section. Especially for a rotating shaft, the gyroscopic effect due to the rotation is
also considered. Introducing the complex displacement

uðx; tÞ ¼ yðx; tÞ þ jzðx; tÞ, (11)

the equation of motion of a rotating horizontal shaft under the gravity effect is written as follows:

EI
q4u

qx4
� jT

q3u
qx3
�

EIr
kG
þ rAr20

� �
q4u

qx2qt2
þ j2OrAr20

q3u

qx2qt
þ j

Tr
kG

q3u
qxqt2

þ rAr20
r
kG

q4u
qt4
� j2OrAr20

r
kG

q3u
qt3
þ rA

q2u
qt2
¼ jrAg, ð12Þ

where G is the shear modulus, k the inverse of the generally used form factor, and g the gravitational
acceleration. To simulate the response of a rotor having a crack (or cracks) it is necessary to consider the gravity
response as well as the unbalance response because the crack breathing is fundamentally depending on gravity.
The steady-state solution of the above equation is a time-independent one, i.e., is a static solution, as follows:

uðx; tÞ ¼ jzgðxÞ. (13)

If we consider the response due to the unbalance and the crack, the steady-state response is expressed as
follows:

uðx; tÞ ¼ uuðx; tÞ þ ucðx; tÞ. (14)

If a rotating system does not have a crack, the response due to unbalance excitation and gravity effect may be
expressed graphically as shown in Fig. 6. If the rotating system has a crack, the shaft motion has a different
form. At first, the gravity response is no longer expressed as a z component only. For example, if we consider the
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Gravity response
zg (x)

Position of 
bearings centerline
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Orbit of shaft 

Fig. 6. Orbit of rotating shaft when having no crack.

Gravity response (quasi-static) 
Ug (x)

Perturbation due to
crack opening uc (x, t) 

Position of
bearings centerline

Unbalance
response uu (x, t) 

Orbit of shaft 

Fig. 7. Orbit of rotating shaft when having a crack.
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Fig. 8. General rotor model.
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shaft at a given instant of time with a partially opened crack state, the center of the shaft would be shifted
slightly in the y direction. Thus, a quasi-static gravity response is considered. Next, the response of the shaft
having a crack includes the response component uc(x,t), which is considered as a perturbed term in this study as
shown in Fig. 7. Crack breathing induces the perturbed term in the response. In Fig. 7, the difference between
the upper case U in U(x) and the lower-case u in u(x,t) is the time dependency.

4.1. Crack and unbalance induced dynamic response

The influence coefficient, which can easily be used in calculating the solution for dynamic excitation such as
unbalance, has been introduced in a previous study [20]. The state vector and the transfer matrix for the
dynamic analysis are given in Appendix A.



ARTICLE IN PRESS
O.S. Jun, M.S. Gadala / Journal of Sound and Vibration 309 (2008) 210–245218
Fig. 8 shows a general rotor having N nodes with two resilient bearings at both ends. B.P and
C.P. indicate the planes having the unbalance mass and crack, respectively. For the unbalance
masses on nodes Bi and the cracks on nodes Ci, the equation of the entire system is written as
follows:

fsgLN ¼
YN�1
i¼1

½F �ifsg
R
1 þ

YN�1
i¼B1

½F �ifugB1 þ
YN�1
i¼B2

½F �ifugB2 þ � � � þ
YN�1
i¼Bi

½F �ifugBi

þ � � � þ
YN�1

i¼C1

½F �ifcgC1 þ
YN�1

i¼C2

½F �ifcgc2 þ � � � þ
YN�1
i¼Ci

½F �ifcgCi þ � � � , ð15Þ

or

fsgLN ¼ TfsgR1 þQB1�NfugB1 þQB2�NfugB2 þ � � � þQBi�NfugBi þ � � �

þQC1�NfcgC1 þQC2�NfcgC2 þ � � � þQCi�NfcgCi þ � � �,

ð16Þ

where [F]i is the transfer matrix for ith shaft element, Qr�s the multiplication of transfer matrixes
between nodes r and s, T the total transfer matrix between nodes 1 and N, and the vectors are
expressed as

fsgLN ¼

UN

aN

0

kNUN

8>>><
>>>:

9>>>=
>>>;
; fsgR1 ¼

U1

a1
0

�k1U1

8>>><
>>>:

9>>>=
>>>;
; fugBi ¼

0

0

0

mieiO2ejðOtþbiÞ

8>>><
>>>:

9>>>=
>>>;

and fcgCi ¼

0

DaCiðtÞ

0

0

8>>><
>>>:

9>>>=
>>>;

and where k1 and kN are the stiffness for the resilient bearings at nodes 1 and N, respectively, and miei and bi

are, respectively, the magnitude and orientation of the unbalance at node i.
Considering the boundary conditions for the resilient bearings at nodes 1 and N, respectively, and solving

for UR
1 and aR

1 , we obtain

UR
1 ¼

X
No:ðBiÞ

�ðqBi�N
14 kN � qBi�N

44 Þ ðt12kN � t42Þ

�qBi�N
34 t32

�����
�����

ðt11kN � t14k1kN � t41 þ t44k1Þ ðt12kN � t42Þ

ðt31 � t34k1Þ t32

�����
�����
ðmBieBiO2ejðOtþbBiÞÞ

þ
X

No:ðCiÞ

�ðqCi�N
12 kN � qCi�N

42 Þ ðt12kN � t42Þ

�qCi�N
32 t32

�����
�����

ðt11kN � t14k1kN � t41 þ t44k1Þ ðt12kN � t42Þ

ðt31 � t34k1Þ t32

�����
�����
DaCiðtÞ

¼
X

No:ðBiÞ

cU
BiðmBieBiO2ejðOtþbBiÞÞ þ

X
No:ðCiÞ

cU
CiDaCiðtÞ, ð17Þ
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aR
1 ¼

X
No:ðBiÞ

ðt11kN � t14k1kN � t41 þ t44k1Þ �ðq
Bi�N
14 kN � qBi�N

44 Þ

ðt31 � t34k1Þ �qBi�N
34

�����
�����

ðt11kN � t14k1kN � t41 þ t44k1Þ ðt12kN � t42Þ

ðt31 � t34k1Þ t32

�����
�����
ðmBieBiO2ejðOtþbBiÞÞ

þ
X

No:ðCiÞ

ðt11kN � t14k1kN � t41 þ t44k1Þ �ðq
Ci�N
12 kN � qCi�N

42 Þ

ðt31 � t34k1Þ �qCi�N
32

�����
�����

ðt11kN � t14k1kN � t41 þ t44k1Þ ðt12kN � t42Þ

ðt31 � t34k1Þ t32

�����
�����

DaCiðtÞ

¼
X

No:ðBiÞ

caBiðmBieBiO2ejðOtþbBiÞÞ þ
X

No:ðCiÞ

caCiDaCiðtÞ, ð18Þ

where tij and qr�s
ij indicate the (i, j)th elements of the matrices T and Qr�s, respectively.

The state vector at the measuring station of node number Mi is expressed as follows:

fsgMi ¼ Q1�MifsgR1 þ
X

No:ðBiÞ

QBi�MifugBi þ
X

No:ðCiÞ

QCi�MifcgCi. (19)

The summation on the right-hand side of Eq. (19) is effective for the unbalance (or balancing) planes
only having node numbers smaller than the node number of the measuring plane, i.e., for BioMi. Also,
the crack position at a node number smaller than the node number of the measuring plane (CioMi) is
active.

The displacement UMi at the measuring station is extracted from Eq. (19) as follows:

UMi ¼
X

No:ðBiÞ

fðq1�Mi
11 � q1�Mi

14 k1Þc
U
Bi þ q1�Mi

12 caBi þ qBi�Mi
14 gðmBieBiO2ejðOtþbBiÞÞ

þ
X

No:ðCiÞ

fðq1�Mi
11 � q1�Mi

14 k1Þc
U
Ci þ q1�Mi

12 caCi þ qCi�Mi
12 gDaCiðtÞ. ð20Þ

The term fðq1�Mi
11 � q1�Mi

14 k1Þc
U
Bi þ q1�Mi

12 caBi þ qBi�Mi
14 g on the right-hand side of the equation is the

influence coefficient, which indicates the relation between the displacement at Mi node and the unbalance
at Bi node. Also, the term fðq1�Mi

11 � q1�Mi
14 k1Þc

U
Ci þ q1�Mi

12 caCi þ qCi�Mi
12 g indicates the influence coefficient

relating the displacement at the Mi node and the crack breathing at the Ci node. The response depends
on the magnitude and phase of each unbalances and the time-dependent breathing behavior of each
crack.
4.2. Quasi-static gravity response

The state vector and transfer matrix for the static gravity response are explained in Appendix B. Applying
the state vector relations to the step change and crack locations, respectively, yields

fsgg
R
i ¼ fsgg

L
i ;

fsgg
R
i ¼ fsgg

L
i þ fcgi;

(21)

where the subscript g indicates the gravity response. The equation amalgamating the state vectors from the
first node to the final node N is expressed as follows:

fsgg
L
N ¼ Tgfsgg

R
1 þ ðQ

2�N
g fgg1 þQ3�N

g fgg2 þ � � � þQðN�1Þ�N
g fggN�2 þQN�N

g fggN�1Þe
jðp=2Þ

þQC1�N
g fcgC1 þQC2�N

g fcgC2 þ � � � , ð22Þ
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where

fsgg
L
N ¼

UL
g;N

aL
g;N

0

kNUL
g;N

8>>>><
>>>>:

9>>>>=
>>>>;
; fsgg

R
1 ¼

UR
g;1

aR
g;1

0

�k1U
R
g;1

8>>>><
>>>>:

9>>>>=
>>>>;
; fggi ¼

rAigl4i
24EI

rAigl3i
6EI

rAigl2i
2

rAigli

8>>>>>>>>>><
>>>>>>>>>>:

9>>>>>>>>>>=
>>>>>>>>>>;

; fcgCi ¼

0

DaCi

0

0

8>>><
>>>:

9>>>=
>>>;
;

Tg ¼ ½Fg�N�1½F g�N�2 � � � ½Fg�1; Qm�N
g ¼ ½F g�N�1 � � � ½F g�m; QðN�1Þ�N

g ¼ ½Fg�N�1 and is the identity matrix:

If a disk is located at node j, the vector {g}j�1 in Eq. (22) is replaced by ({g}j�1+{dg}j). In order to give such
flexibility, {g}j�1 is replaced by{g}0j�1.

For example, if N ¼ 4, Eq. (22) becomes

fsgg
L
4 ¼ Tgfsgg

R
1 þ ðQ

2�4
g fgg1 þQ3�4

g fgg2 þQ4�4
g fgg3Þe

jp=2 (23)

and if a disk exists at node 3, the above equation becomes

sg

� 	L

4
¼ Tg sg

� 	R

1
þ ðQ2�4

g g
� 	

1
þQ3�4

g ð g
� 	

2
þ dg

� 	
3
Þ þQ4�4

g g
� 	

3
Þejp=2. (24)

Solving for the UR
g;1 and aR

g;1 from Eq. (22), we obtain

UR
g;1 ¼

�
PN�1
i¼1

ðq
ðiþ1Þ�N
g;11 kN � q

ðiþ1Þ�N
g;41 Þ

ðq
ðiþ1Þ�N
g;12 kN � q

ðiþ1Þ�N
g;42 Þ

ðq
ðiþ1Þ�N
g;13 kN � q

ðiþ1Þ�N
g;43 Þ

ðq
ðiþ1Þ�N
g;14 kN � q

ðiþ1Þ�N
g;44 Þ

8>>>>>>><
>>>>>>>:

9>>>>>>>=
>>>>>>>;

T

fgg0i

0
BBBBBBBB@

1
CCCCCCCCA
ðtg;12kN � tg;42Þ

�
PN�1
i¼1

q
ðiþ1Þ�N
g;31

q
ðiþ1Þ�N
g;32

q
ðiþ1Þ�N
g;33

q
ðiþ1Þ�N
g;34

8>>>>>>><
>>>>>>>:

9>>>>>>>=
>>>>>>>;

T

fgg0i

0
BBBBBBBB@

1
CCCCCCCCA

tg;32

������������������������������

������������������������������
ðtg;11kN � tg;14k1kN � tg;41 þ tg;44k1Þ ðtg;12kN � tg;42Þ

ðtg;31 � tg;34k1Þ tg;32

�����
�����

ejðp=2Þ

þ
X

No:ðCiÞ

�ðkNqCi�N
g;12 � qCi�N

g;42 Þ ðtg;12kN � tg;42Þ

�qCi�N
g;32 tg;32

������
������

ðtg;11kN � tg;14k1kN � tg;41 þ tg;44k1Þ ðtg;12kN � tg;42Þ

ðtg;31 � tg;34k1Þ tg;32

�����
�����
DaCi

¼
XN�1
i¼1

cU
g;ifgg

0
je

jðp=2Þ þ
X

No:ðCiÞ

cU
g;CiDaCi, ð25Þ
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aR
g;1 ¼

ðtg;11kN � tg;14k1kN � tg;41 þ tg;44k1Þ �
PN�1
i¼1

ðq
ðiþ1Þ�N
g;11 kN � q

ðiþ1Þ�N
g;41 Þ

ðq
ðiþ1Þ�N
g;12 kN � q

ðiþ1Þ�N
g;42 Þ

ðq
ðiþ1Þ�N
g;13 kN � q

ðiþ1Þ�N
g;43 Þ

ðq
ðiþ1Þ�N
g;14 kN � q

ðiþ1Þ�N
g;44 Þ

8>>>>>>><
>>>>>>>:

9>>>>>>>=
>>>>>>>;

T

fgg0j

0
BBBBBBBB@

1
CCCCCCCCA

ðtg;31 � tg;34k1Þ �
PN�1
i¼1

q
ðiþ1Þ�N
g;31

q
ðiþ1Þ�N
g;32

q
ðiþ1Þ�N
g;33

q
ðiþ1Þ�N
g;34

8>>>>>>><
>>>>>>>:

9>>>>>>>=
>>>>>>>;

T

fgg0j

0
BBBBBBBB@

1
CCCCCCCCA

������������������������������

������������������������������
ðtg;11kN � tg;14k1kN � tg;41 þ tg;44k1Þ ðtg;12kN � tg;42Þ

ðtg;31 � tg;34k1Þ tg;32

�����
�����

ejðp=2Þ

þ
X

No:ðCiÞ

ðtg;11kN � tg;14k1kN � tg;41 þ tg;44k1Þ �ðkNqCi�N
g;12 � qCi�N

g;42 Þ

ðtg;31 � tg;34k1Þ �qCi�N
g;32

������
������

ðtg;11kN � tg;14k1kN � tg;41 þ tg;44k1Þ ðtg;12kN � tg;42Þ

ðtg;31 � tg;34k1Þ tg;32

�����
�����

DaCi

¼
XN�1
i¼1

cag;ifgg
0
je

jðp=2Þ þ
X

No:ðCiÞ

cag;CiDaCi, ð26Þ

where qr�s
g;ij and tg,ij denote the (i,j) element of Qr�s

g and Tg matrices, respectively. Each of the first terms of the
right-hand sides of Eqs. (25) and (26) is related to the static deflection of the shaft due to the gravitational
force, and the second term of the equations is related to the additional deflection due to crack breathing.
However, this additional deflection includes the quasi-static behavior only, excluding the dynamic effect.

The state vector at the measuring station of node number Mi is expressed as follows:

fsgg
L
Mi ¼ Q1�Mi

g fsgg
R
1 þ ðQ

2�Mi
g fgg01 þQ3�Mi

g fgg02 þ � � � þQðMi�1Þ�Mi
g fgg0Mi�2 þQMi�Mi

g fgg0Mi�1Þe
jðp=2Þ

þQC1�Mi
g fcgC1 þQC2�Mi

g fcgC2 þ � � � . ð27Þ

The displacement Ug,Mi at the measuring station is extracted from Eq. (27) as follows:

Ug;Mi ¼
XN�1
i¼1

ðq1�Mi
g;11 � q1�Mi

g;14 k1Þc
U
g;i þ q1�Mi

g;12 cag;i


 �
fgg0je

jðp=2Þ þ
XMi�1

i¼1

q
ðiþ1Þ�Mi
g;11

q
ðiþ1Þ�Mi
g;12

q
ðiþ1Þ�Mi
g;13

q
ðiþ1Þ�Mi
g;14

8>>>>>>><
>>>>>>>:

9>>>>>>>=
>>>>>>>;

T

fgg0j

0
BBBBBBBB@

1
CCCCCCCCA
ejðp=2Þ

þ
X

No:ðCiÞ

ðq1�Mi
g;11 � q1�Mi

g;14 k1Þc
U
g;Ci þ q1�Mi

g;12 cag;Ci


 �
DaCi þ

XMi

Ci¼C1

qCi�Mi
g;12 DaCi. ð28Þ

The crack position at a node number smaller than the node number of the measuring plane (CioMi) is
active in the last term of the above equation.
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5. Cracked rotor analysis method

5.1. Iterative procedure

The bending moment around a crack position directly influences on the crack opening status as discussed
above. In Fig. 4 is shown the bending moments expressed in the rotating coordinates. Using the given

notation, negative MZ yields positive KI
MZ

on the crack front and also negative Mx yields positive KI
Mx

on the

crack front on the positive Z axis. The bending moment on the rotating coordinates is obtained by
transforming the bending moment on the stationary coordinates as follows:

MZ þ jMx ¼ ðMz þ jMyÞe
�jOt (29)

from

yþ jz

fþ jy

Mz þ jMy

Vy þ jV z

8>>>><
>>>>:

9>>>>=
>>>>;
¼

xþ jZ

fZ þ jyx
MZ þ jMx

V x þ jVZ

8>>>><
>>>>:

9>>>>=
>>>>;
ejOt, (30)

where the bending moment (Mz+jMy) on the stationary coordinates is obtained by summing the bending
moment at the crack node from the dynamic response and that from the static gravity response. The bending
moment in the rotating coordinates is used for estimation of the additional slope at the crack location by using
the method discussed in Section 3.

The state vectors at a node with a crack corresponding to the dynamic response and static gravity response
are expressed as follows, respectively (note that subscript c indicates the node number with a crack):

fsgC ¼ Q1�CfsgR1 þ
X

No:ðBiÞ

QBi�CfugBi þ
X

No:ðCiÞ

QCi�CfcgCi, (31)

fsgg
L
C ¼ Q1�C

g fsgg
R
1 þ ðQ

2�C
g fgg01 þQ3�C

g fgg02 þ � � � þQðC�1Þ�C
g fgg0c�2 þQC�C

g fgg0c�1Þ � e
jðp=2Þ

þQC1�C
g fcgC1 þQC2�C

g fcgC2 þ � � � . ð32Þ

The summations on the right-hand side of Eq. (31) are effective for the unbalance and for the cracks having
node numbers smaller than the node number of the current node with a crack, i.e., for BioC and CioC,
respectively.

From the above equations the bending moments related to the dynamic response and the static gravity
response, respectively, are extracted as follows:

MC ¼
X

No:ðBiÞ

ðq1�C
31 � q1�C

34 k1Þc
U
Bi þ q1�C

32 caBi þ qBi�C
34

� 	
ðmBieBiO2ejðOtþbBiÞÞ

þ
XC

Ci¼C1

ðq1�C
31 � q1�C

34 k1Þc
U
Ci þ q1�C

32 caCi þ qCi�C
32

� 	
DaCiðtÞ, ð33Þ

Mg;C ¼ ðq
1�C
g;31 � q1�C

g;34 k1ÞU
R
g;1 þ q1�C

g;32 a
R
g;1 þ

XC�1
i¼1

q
ðiþ1Þ�C
g;31

q
ðiþ1Þ�C
g;32

q
ðiþ1Þ�C
g;33

q
ðiþ1Þ�C
g;34

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

T

fgg0j

0
BBBBBBB@

1
CCCCCCCA
ejðp=2Þ þ

XC

Ci¼C1

qCi�C
g;32 DaCi. (34)

The crack opening status is determined by the bending moment in the region of the crack, which is one of
the state variables and it is affected by the crack opening status as shown in Eqs. (33) and (34). Thus, the two
parameters are coupled. For analysis of the motion, the following iterative procedure is introduced.
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5.2. Consideration of harmonic components—parametrically excited forcing functions

If one crack is considered for simplicity, the total bending moment at crack position is expressed as follows:

MC ¼
X

No:ðBiÞ

ðq1�C
31 � q1�C

34 k1Þc
U
Bi þ q1�C

32 caBi þ qBi�C
34

� 	
ðmBieBiO2ejðOtþbBiÞÞ

þ ðq1�C
31 � q1�C

34 k1Þc
U
C þ q1�C

32 caC
� 	

DaCðtÞ

þ
XN�1
i¼1

ðq1�C
g;31 � q1�C

g;34 k1Þc
U
g;i þ q1�C

g;32 cag;i


 �
fgg0je

jðp=2Þ þ
XC�1
i¼1

q
ðiþ1Þ�C
g;31

q
ðiþ1Þ�C
g;32

q
ðiþ1Þ�C
g;33

q
ðiþ1Þ�C
g;34

8>>>>>>><
>>>>>>>:

9>>>>>>>=
>>>>>>>;

T

fgg0j

0
BBBBBBBB@

1
CCCCCCCCA
ejðp=2Þ

þ
X

No:ðCiÞ

ðq1�C
g;31 � q1�C

g;34 k1Þc
U
g;C þ q1�C

g;32 cag;C


 �
DaCðtÞ. ð35Þ

However, the last term of the gravity-related terms in Eq. (35), which is related the crack breathing,
disappears because all components qr�s

g;ij and accordingly cU
g;C have zero value when i4j. Thus, the bending

moment depending on the crack breathing exists in a dynamic response term. The bending moment consists of
the unbalance- and crack breathing-related terms, which are derived from dynamic response, and the terms
related to the quasi-static deflection due to gravity.

The behavior of cracked rotor is generally nonlinear one with response-dependent nonlinear stiffness terms.
However, each term in Eq. (35) represents a linear influence coefficient (or transfer function) relating the
bending moment to each source of rotor motion. The nonlinear behavior is produced by self-excitation, which
is the additional slope at a node with crack, Dac(t). In this study the crack breathing-related term, which is the
cause of nonlinear vibration, is expressed explicitly in the equation. When a rotor rotates with a constant
speed, the additional slope produces the harmonic vibration components, which are caused by the transient
motion during crack breathing.

In order to consider the harmonic motion, the additional slope due to crack breathing is expressed as the
sum of harmonics as follows:

DaCðtÞ ¼
X1

n¼�1

cne
jOnt, (36)

where On ¼ nO and the coefficient

cn ¼
O
2p

Z p=O

�p=O
Da3ðtÞe�jOnt dt.

Rewriting Eq. (35) in function form, we have

MC ¼ FCðOÞDa3ðtÞ þ FU ðOÞejOt þ Fg

¼ � � � þ FCðO�3Þc�3ejO�3t þ FCðO�2Þc�2ejO�2t þ FCðO�1Þc�1ejO�1t

þ F CðO0Þc0 þ Fg

þ ðFCðOÞcþ1 þ
X

No:ðBiÞ

F U ðOÞÞejOt

þ F CðO2Þcþ2e
jO2t þ F CðO3Þcþ3e

jO3t þ � � � , ð37Þ

where

FCðOÞ ¼ ðq1�C
31 � q1�C

34 k1Þc
U
C þ q1�C

32 caC , (38)
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F U ðOÞ ¼ ðq1�C
31 � q1�C

34 k1Þc
U
Bi þ q1�C

32 caBi þ qBi�C
34

� �
mBieBiO2ejbBi , (39)

Fg ¼
XN�1
i¼1

ðq1�C
g;31 � q1�C

g;34 k1Þc
U
g;i þ q1�C

g;32 cag;i


 �
fgg0je

jðp=2Þ þ
XC�1
i¼1

q
ðiþ1Þ�C
g;31

q
ðiþ1Þ�C
g;32

q
ðiþ1Þ�C
g;33

q
ðiþ1Þ�C
g;34

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

T

fgg0j

0
BBBBBBB@

1
CCCCCCCA
ejðp=2Þ. (40)

In the calculation of the dynamic influence coefficients in Eqs. (38) and (39), the synchronous condition o ¼ O
is used. The coefficients of the Fourier-series expansion are calculated by using the simulation set for the
additional slope Dac(t), of Eq. (36), for a full revolution. Fourier-series expansion of the additional slope is
performed before we calculate the bending moment on the step of the double-lined box in Fig. 9. At each angle
step, the new Fourier coefficients are calculated from the additional slope solution set for one revolution of the
shaft until the one prior to the angle step. Fig. 10 shows the additional slope solution set of one revolution for
the ‘moving’ Fourier-series expansion.
Give an initial value for Δ�C at (Ωt)1 = Δ(Ωt)     

Calculate the dynamic response {s}C and the quasi-static

gravity response {sg}C at (Ωt)i = (Ωt)1

Calculate the bending moment (Mz + jMy) by
summing MC and Mg,C  

Calculate the bending moment on the rotating coordinates 
using M� + jM� = (Mz + jMy)e

−jΩt 

Estimate the additional slope Δ� due to crack 
by integrating on the crack region 

Determine crack opening status along the crack front line 
using KI (w) (w)KM�

KM� (w) II +=

Transform the additional slope into the stationary coordinates using 

Δ�C = Δ� + jΔ� = (Δ�� +  jΔ��)e jΩt   .

Compare the variables for the current revolution with
those for the previous one and check convergence 

(Ωt)i+1 = (Ωt)i + Δ(Ωt) 

End

Yes 

No

Fig. 9. Iterative procedure for cracked rotor analysis.
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Δ (Ωt)

Δ�C

Fig. 10. Scheme of ‘moving’ Fourier-series expansion.

node no

1 2 3 4 element no.

1 2 3 4 5

Fig. 11. Simple rotor having a breathing crack. (E ¼ 2.12 10 kgf/cm
3, r ¼ 0.0078 kg/cm3 and k ¼ 1 1010N/m.)
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If we express the newly obtained Fourier coefficients as c0n, the equation can be rewritten as follows:

MC ¼ � � � þ FCðO�3Þc0�3 þ FCðO�2Þc0�2 þ FCðO�1Þc0�1
þ F g þ

X
No:ðBiÞ

FU ðOÞejOt

þ F CðOÞc0þ1 þ FCðO2Þc
0
þ2 þ F CðO3Þc

0
þ3 þ � � � . ð41Þ

The constant component of the Fourier expansion is omitted since it is not related to the dynamic behavior.
6. Simulation and discussion

6.1. Modeling

A simple model is used for simulation. The model of Fig. 11 is the same model that was used to simulate a
rotor with a breathing crack in Ref. [9]. The shaft diameter is 1.5 cm, total length is 70 cm, and a crack is
located at the center of the shaft. The lengths of each shaft element are 33.5, 1.5, 1.5 and 33.5 cm, respectively.
Each of the two disks at the mid-span has a mass of 1.4 kg, and the transverse and polar moments of inertia of
each disk are 12.8 and 25.6 kg cm2, respectively.
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Introducing the state vector and transfer matrix for the dynamics analysis, the relations between the right-
hand side of node 1 and the left-hand side of node 5 are expressed as follows:

fsgL2 ¼ ½F �1fsg
R
1 ; fsg

R
2 ¼ ½s�2fsg

L
2 þ fug2; fsg

L
3 ¼ ½F �2fsg

R
2 ; fsg

R
3 ¼ fsg

L
3 þ fcg3,

fsgL4 ¼ ½F �3fsg
R
3 ; fsg

R
4 ¼ ½s�4fsg

L
4 þ fug4; fsg

L
5 ¼ ½F �4fsg

R
4 . ð42Þ

The seven expressions above are integrated into one equation as follows:

fsgL5 ¼ ½F �4½S�4½F �3½F �2½S�2½F �1f g
R
1 þ ½F �4½S�4½F �3½F �2fug2 þ ½F �4½S�4½F �3fcg3 þ ½F �4fug4

¼ TfsgR1 þQ2�5fug2 þQ3�5fcg3 þQ4�5fug4.

Considering the boundary conditions at both bearings

fsgR1 ¼

U1

a1
0

�k1U1

8>>><
>>>:

9>>>=
>>>;

and fsgL5 ¼

U5

a5
0

k5U5

8>>><
>>>:

9>>>=
>>>;
,

we obtain the slope and the shear force at node 1 as follows:

UR
1 ¼ cU

B2ðm2e2O2ejðOtþb2ÞÞ þ cU
B4ðm4e4O2ejðOtþb4ÞÞ þ cU

C3Da3ðtÞ,

aR
1 ¼ caB2ðm2e2O2ejðOtþb2ÞÞ þ caB4ðm4e4O2ejðOtþb4ÞÞ þ caC3Da3ðtÞ,

where

cU
Bi ¼

�ðqUi�5
14 kN � qUi�5

44 Þ ðt12kN � t42Þ

�qUi�5
34 t32

�����
�����

ðt11kN � t14k1kN � t41 þ t44k1Þ ðt12kN � t42Þ

ðt31 � t34k1Þ t32

�����
�����
,

cU
Ci ¼

�ðqCi�5
12 kN � qCi�5

42 Þ ðt12kN � t42Þ

�qCi�5
32 t32

�����
�����

ðt11kN � t14k1kN � t41 þ t44k1Þ ðt12kN � t42Þ

ðt31 � t34k1Þ t32

�����
�����
,

caBi ¼

ðt11kN � t14k1kN � t41 þ t44k1Þ �ðq
Ui�5
14 kN � qUi�5

44 Þ

ðt31 � t34k1Þ �qUi�5
34

�����
�����

ðt11kN � t14k1kN � t41 þ t44k1Þ ðt12kN � t42Þ

ðt31 � t34k1Þ t32

�����
�����

,

caCi ¼

ðt11kN � t14k1kN � t41 þ t44k1Þ �ðq
Ci�5
12 kN � qCi�5

42 Þ

ðt31 � t34k1Þ �qCi�5
32

�����
�����

ðt11kN � t14k1kN � t41 þ t44k1Þ ðt12kN � t42Þ

ðt31 � t34k1Þ t32

�����
�����

.

The state vector at node 3 is expressed as follows:

fsgL3 ¼ F23S2F12fsgR1 þ F 23fug2

¼ Q1�3fsgR1 þQ2�3fug2. ð43Þ
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By using the state vector and transfer matrix for the quasi-static gravity response of Appendix B produces
the relations in a form similar to the dynamic response:

fsgg
L
2 ¼ ½F g�1fsgg

R
1 þ fgg1e

jðp=2Þ; fsgg
R
2 ¼ fsgg

L
2 þ fdgg2e

jðp=2Þ; fsgg
L
3 ¼ ½F g�2fsgg

R
2 þ fgg2e

jðp=2Þ,

fsgg
R
3 ¼ fsgg

L
3 þ fcg3; fsgg

L
4 ¼ ½F g�3fsgg

R
3 þ fgg3e

jðp=2Þ; fsgg
R
4 ¼ fsgg

L
4 þ fdgg4e

jðp=2Þ,

fsgg
L
5 ¼ ½F g�4fsgg

R
4 þ fgg4e

jðp=2Þ. ð44Þ

The above seven expressions are integrated into one equation as follows:

fsgg
L
5 ¼ ½F g�4½Fg�3½Fg�2½F g�1fsgg

R
1 þ ½F g�4½Fg�3½F g�2ðfgg1 þ fdgg2Þe

jðp=2Þ

þ ½Fg�4½Fg�3fgg2e
jðp=2Þ þ ½Fg�4½Fg�3fcg3 þ ½F g�4ðfgg3 þ fdgg4Þe

jðp=2Þ þ fgg4e
jðp=2Þ

¼ Tgfsgg
R
1 þ ðQ

2�5
g ðfgg1 þ fdgg2Þ þQ3�5

g fgg2 þQ4�5
g ðfgg3 þ fdgg4Þ þ fgg4Þe

jðp=2Þ þQ3�5
g fcg3.

The boundary conditions at both bearings are expressed for the quasi-static gravity response as follows:

fsgg
R
1 ¼

Ug;1

ag;1

0

�k1Ug;1

8>>>><
>>>>:

9>>>>=
>>>>;

and fsgg
L
5 ¼
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8>>>><
>>>>:

9>>>>=
>>>>;
.

Solving for UR
g;1 and aR

g;1 yields
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g;1 ¼
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Da3,

where

fgg01 ¼ fgg1 þ fdgg2; fgg
0
2 ¼ fgg2; fgg

0
3 ¼ fgg3 þ fdgg4 and fgg04 ¼ fgg4.

The above equations for UR
g;1 and aR

g;1 are rewritten as follows:

UR
g;1 ¼
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The state vector at node 3 is expressed as follows:

fsgg
L
3 ¼ Q1�3

g fsgg
R
1 þ ðQ

2�3
g fgg

0
i þQ3�3

g fgg2Þe
jðp=2Þ. (45)

Extracting the bending moments from the Eqs. (43) and (45), the total bending moment is expressed in the
form of Eqs. (38)–(41):

M3 ¼ � � � þ FCðO�3Þc0�3 þ FCðO�2Þc0�2 þ F CðO�1Þc0�1
þ Fg þ F U ;2ðOÞejOt þ FU ;4ðOÞejOt

þ FCðOÞc0þ1 þ FCðO2Þc
0
þ2 þ FCðO3Þc

0
þ3 þ � � � , ð46Þ

where
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ejðp=2Þ.

6.2. Results and discussion

The bearing stiffness is assumed to be a large value of 1.0� 1010N/m, in order to compare the simulation
with the previous study which used rigid bearings [9]. The influence coefficient [20] between unbalance force
at node 2 (input) and displacement at node 3 (output), from Eq. (20), is calculated and plotted as shown in
Fig. 12. This model has the first three critical speeds at 149, 2590 and 8490 rad/s when there is no crack.

The previous study in Ref. [9] used a simple rotor model composed of a massless shaft and a lumped mass at
mid-span. The equation of motion of the model having mass, damping and spring terms is expressed in the
rotating coordinates as follows [9]:

mð€x� 2O_Z� O2xÞ þ cð_x� OZÞ þ kxxþ kxZZ ¼ meO2 cos b�mg cos Ot,

mð€Zþ 2O_x� O2ZÞ þ cð_Zþ OxÞ þ kZxxþ kZZ ¼ meO2 sin bþmg sin Ot.
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Fig. 12. Influence coefficient between unbalance force at node 2 and displacement at node 3.
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Fig. 13. Stiffness change with shaft rotation (without unbalance, crack depth a/D ¼ 0.2) [9].
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The simulation in Ref. [9] explained the crack breathing using the stiffness behavior. As the crack opens, the
direct stiffness kx and kZ decrease until the crack completely open as shown in Fig. 13, and they increase again
to the uncracked rotor stiffness during closing. The cross-coupled stiffness, kxZ( ¼ kZx), is only non-zero when
the crack is between the completely closed and completely open states.

In the current study crack breathing has been also considered. The additional slope at the crack is calculated
by integrating on the open crack area, in a similar manner to that of Ref. [9]. The additional slope occurs only
when the crack is open. Fig. 14 shows the change of the additional slope with shaft rotation. The additional
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slope with respect to x axis, Dyx, is partially related to the crack partial opening. To compare the simulations
with the result of Ref. [9], a similar condition is considered. The horizontal axis of Fig. 14 indicates one
revolution that the positive x axis crack direction experiences during a clockwise rotation from the positive
horizontal direction as shown in Fig. 4. The crack remains closed for the region between 2341 and 3061. The
same result is shown in Fig. 13, where the horizontal axis indicates the rotation angle of the crack from
the upward position. Zero on the horizontal axis in Fig. 14 is equivalent to p/2 in Fig. 13. The negative value in
the additional slope is due to the adopted notations as explained in Section 3.1, indicating the crack opening.
The harmonic components in the simulation are considered up to the fourth harmonics through this study.

As the crack propagates, both the duration of open crack status and the magnitude of additional slope
increase. Comparison of the additional slope for different crack depths is shown in Fig. 15. The shaft rotates at
very low speed of O ¼ 1 rad/s.

Monitoring the stress intensity factor on the crack front line during revolution, the crack behavior on the
front line may be also explained. As the shaft rotates, the stress intensity factor on the crack front line begins
to have positive value from the positive end point on Z axis, and the point having the positive value propagates
to the negative Z direction along the crack front line. Each stress intensity factor would have repeated positive
and negative values with a sine curve variation. The maximum stress in intensity factor values are different
according to the position on the crack front line and crack depth. Also, it depends on the rotating speed even
though it is not shown here. Fig. 16 shows the distribution of maximum value of stress intensity factor on the
crack front line with the crack depth varied. Each crack front line is divided into 10 segments, and the center
position of each segment is chosen to monitor the maximum stress intensity factor value. At shallow crack
states, the central area of the crack front line has larger stress intensity factor values. As the crack depth
increases, the dominant stress intensity factor region moves to both ends. After the crack passes the center of
shaft, larger stress intensity factor values are located at both ends. This distribution of maximum stress
intensity factor with the crack depth may be attributed to the crack propagation if we consider the beach mark
test of Ref. [23]. According to test results, the crack propagation is dominant at the center in the initial state,
and the dominant crack propagation region moves to the sides as the crack continues to propagate. Finally,
the crack propagates dominantly at both ends of crack line after the crack line passes the shaft centerline.

The crack breathing is also affected by unbalance. The unbalance effect increases with the shaft rotation
speed because the centrifugal force due to unbalance rapidly increases with speed. Fig. 17 shows the unbalance
effect at O ¼ 135 rad/s which is below the first critical speed. The crack depth is 30%. If the unbalance is
aligned with the crack, the crack opens easier. As shown in Fig. 17(b) the additional slope has a larger value
than in the without unbalance case. When the unbalance is opposite to the crack, the centrifugal force induced
by unbalance would reduce the crack opening and the additional slope as shown in Fig. 17(c). The unbalance
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Fig. 14. Additional slope change with shaft rotation (without unbalance, a/D ¼ 0.2, O ¼ 74.5 rad/s); solid line: Dyx, dotted line: DfZ.
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Fig. 16. Distribution of maximum stress intensity factor with crack depth increased (without unbalance, O ¼ 100 rad/s).

A
d
d
it
io

n
a
l 
s
lo

p
e

1

0

-1

-2

-3

0 90

× 10-3

180 270 360

Rotation angle (degree)

Fig. 15. Additional slope (without unbalance, O ¼ 1 rad/s); a/D ¼ 0.3; solid line: Dyx, dotted line: DfZ.
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of 0.001 kg cm is applied at each disk. For each case shown in Fig. 17(a–c), the closed crack regions are
2491–2911, 2501–2901 and 2471–2931, respectively.

Once the rotation speed passes over the critical speed, the unbalance effect on the response is reversed.
Fig. 18 shows the response for a rotation speed O ¼ 160 rad/s which is above the critical speed. The response
becomes out of phase with the input force. The centrifugal force due to unbalance will be directed towards the
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Fig. 17. Additional slope during one revolution (a/D ¼ 0.3, O ¼ 135 rad/s): (a) without unbalance, (b) m2e2 ¼ m4e4 ¼ 0.001 kg cm, b ¼ 01

and (c) m2e2 ¼ m4e4 ¼ 0.001 kg cm, b ¼ 1801.
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rotation center line, thus an unbalance force aligned with the crack direction helps crack closure. If the
unbalance is opposite to crack, i.e., b ¼ 1801, it helps crack opening. Fig. 18 shows the results for this case.

The displacement of the shaft at the crack location of node 3 is analyzed to explain the dynamic motion.
In view of the fact that the main objective of cracked rotor research is to extract ideas for diagnostics, it is
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important to discuss the shaft dynamic motion in detail. The static deflection at node 3 is 494 mm for the case
without a crack. If there is no unbalance, the rotating shaft will stay at this static deflection level during crack
closing, and will have more deflection during crack opening. The deflection shape would, therefore, take the
form of a loop. However, the preceded statement should be modified when considering the transient effect of
the dynamic motion during crack breathing. In this case, the shaft will no longer stay in the expected orbit
during crack breathing. Fig. 19 shows orbits for the various speeds at an average speed much lower than the
first critical speed when the crack depth is 10%. Because the shaft does not have an unbalance, which produces
synchronous vibration, peculiar orbits having higher-harmonic components are observed in the region near to
the sub-harmonic critical speeds. Figs. 20 and 21 show similar responses for the cases when the crack depth is
increased to 20% and 30%, respectively. As expected, the vibration magnitude increases at a faster rate as the
crack depth increases.

The dynamic behavior has been analyzed around the first critical speed range. Fig. 22 shows the orbits at the
speed range from 136 to 151 rad/s for the case with no unbalance. The observation has been focused on the
magnitude, whirl direction and phase of the orbit. The critical speed of the model is 149 rad/s without a crack
as shown in Fig. 12. The orbit at 149 rad/s could not be obtained due to divergence. The orbit has a strong
magnitude distribution near 138 rad/s and decreases with the increased speed, and then suddenly increases and
decreases at 149 rad/s, which marks the critical speed of the normal model without a crack.
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Fig. 19. Orbits as a function of rotation speed increases (without unbalance, a/D ¼ 0.1).
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The cross mark in the plots in Fig. 22 indicates the starting point of the orbit when Ot ¼ 0. The whirl
direction coincides with the shaft spin (clockwise) direction until 146 rad/s, and the whirl direction reverses to
the counter-clockwise through the horizontally narrow elliptic orbit. The whirl direction reverses again
through vertically narrow elliptic orbit. But the latter reversal takes much more wide speed range. Sekhar and
Prabhu [24] stated the possibility that the backward whirl due to a crack exists. Another observation of the
results shown in Fig. 22 relates to the phase shift. The orbit has the same phase with the crack direction until
138 rad/s. The orbit, then, becomes out of phase to the crack starting from a speed of 139 rad/s, and maintains
this status until the speed reaches 149 rad/s.

The observations discussed above are based on simulation results using the model in this study. In practice,
it is very difficult or rather impossible to fabricate a perfect cracked rotor without unbalance. This makes the
experimental verification of the above simulation infeasible. It is well known that the critical speed decreases
and the harmonics increase with an increase in crack depth. According to the above simulation results, there
also exists some peculiar range near the critical speed, where the temporary whirl direction reversal and phase
shift exist.
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Fig. 20. Orbits as a function of rotation speed increased (without unbalance, a/D ¼ 0.2).
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If an unbalance is applied to the rotor, the motion becomes simpler. In Fig. 23 is shown the orbit when
0.001 kg cm unbalance is applied to each disk at nodes 2 and 4. The phase becomes out of phase when passing
149 rad/s, where the orbit diverges. The orbit has a large magnitude at 138 rad/s, but the magnitude is not
much increased compared with the case without unbalance as shown in Fig. 22. Also, since the response is
originally out of phase starting from 139 rad/s, the unbalance effect that produces the in phase response is
small, especially at 139 rad/s, because the unbalance force which produces the in phase response is still smaller,
the resultant response appears as out of phase. As the speed approaches the critical speed of the normal model
without a crack, the orbit shows the typical unbalance response. Going back to Fig. 22 and comparing it with
the response with unbalance, the large orbit near 138 rad/s seems be related to the particular stiffness
asymmetry caused by the cracked rotor, which also gives rise to the phase shift.

7. Conclusions

The additional slope at the crack position is introduced as a self-excitation source of the cracked rotor
vibration. Using a transfer matrix, the influence coefficients are analytically derived in order to calculate the
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Fig. 21. Orbits as a function of rotation speed increased (without unbalance, a/D ¼ 0.3).

O.S. Jun, M.S. Gadala / Journal of Sound and Vibration 309 (2008) 210–245 237
dynamic response due to the unbalance and crack and the quasi-static response due to gravity. The additional
slope is expressed as a function of the bending moment at the crack position based on a fracture mechanics
concept, and inversely the bending moment is expressed as function of the additional slope at the crack
position.

At each angle step during the shaft revolution, the additional slope and bending moment are calculated by
using an iterative method. The additional slope is obtained by integrating over the crack region excluding the
region where the stress intensity factor is negative because the compression state of stress indicates that the
crack is closed, and thus would not contribute to the additional deflection. Also, the bending moment at
crack position is calculated using the additional slope as one of the input data. Because the crack breathing
produces a nonlinear excitation to the system, the transient behavior is considered by introducing a ‘moving’
Fourier-series expansion concept for the additional slope. The time-varying harmonic components of the
additional slope are used to produce the harmonic responses.

The application considered is for a general rotor model consisting of multiple shafts, disks and cracks, and
resilient bearings at both ends. Also, simulations are carried out for a simple rotor, similar to those described
in the literature, and a comparison of the basic crack behavior is shown.
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Fig. 22. Orbits as a function of rotation speed increased (without unbalance, a/D ¼ 0.2).
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Using the additional slope, the cracked rotor behavior is explained with the crack depth and rotation speed
increased: the magnitude of the additional slope increases and the closed crack duration during a revolution
decreases as the crack depth increases. The maximum value of stress intensity factor is different along the
crack front line, crack depth and rotating speed. At shallow crack states, the central area of the crack front line
has larger stress intensity factor value. As the crack depth increases, the dominant stress intensity factor value
region moves to both ends, and finally the larger stress intensity factor values exist at both ends after the crack
passes the centerline of shaft. The result matches the crack propagation pattern shown in the bench mark tests
described in the literature very well.
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Fig. 23. Orbits as a function of rotation speed increased (m2e2 ¼ m4e4 ¼ 0.001kg cm, a/D ¼ 0.2).
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Whirl orbits are discussed near the critical and sub-critical speed ranges. Based on the simulation
results, there exists some unstable range near the critical speed, where the temporary whirl direction
reversal and phase shift exist. The phenomenon seems to be due to the nonlinear stiffness asymmetry.
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When an unbalance is applied, features such as the whirl direction reversal and phase shaft
disappear.
Appendix A. State vector and transfer matrix for dynamic response [20]

A.1. For shaft element

The equation of motion of the rotating shaft is written as follows [21]:

EI
q4u

qx4
�

EIr
kG

q4u

qx2qt2
� jT

q3u
qx3
þ j

Tr
kG

q3u
qxqt2

þ rA
q2u
qt2

� rAr2o
q4u

qx2qt2
�

� �� 

� j2O �

r
kG

q3u
qx2qt

� �
¼ 0. ðA:1Þ

The harmonic motion of natural frequency o can be separated in the variable u(x, t) of Eq. (A.1) as

uðx; tÞ ¼ UðxÞejot. (A.2)

Substituting Eq. (A.2) into Eq. (A.1) results in the following equation:

d4U

dx4
þ a

d3U

dx3
þ b

d2U

dx2
þ c

dU

dx
þ dU ¼ 0, (A.3)

where

a ¼ �
jT

EI
,

b ¼
1

EI

EIr
kG
þ rAr20

� �
o2 � 2rAr20Oo

� 

,

c ¼ �j
1

EI

Tr
kG

o2,

d ¼
1

EI

r2Ar20
kG

o4 � 2
r2Ar20O
kG

o3 � rAo2

� 

. ðA:4Þ

Using the four roots of the polynomial [25,26], the solution of Eq. (A.4) is expressed as

U ¼ p1el1x þ p2el2x þ p3el3x þ p4e
l4x. (A.5)

Eq. (A.5) means that the elastodynamic behavior of the rotating shaft is dependent on l’s, which are
determined by several parameters, such as rotating speed O, natural frequency o, and geometric and material
properties of the shaft. The coefficients p1, p2, p3, p4, of Eq. (A.5) are also complex values defined in a uniform
shaft segment [26].

The state variables at x ¼ 0, i.e. at the left-hand side of shaft element, are expressed from Eq. (2) and (A.5)
as follows:

U0 ¼ p1 þ p2 þ p3 þ p4,

a0 ¼ l1p1 þ l2p2 þ l3p3 þ l4p4,

M0 ¼ g1p1 þ g2p2 þ g3p3 þ g4p4,

V0 ¼ h1p1 þ h2p2 þ h3p3 þ h4p4, ðA:6Þ
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where

g1 ¼ EIl21 � jTl1; g2 ¼ EIl22 � jTl2,

g3 ¼ EIl23 � jTl3; g4 ¼ EIl24 � jTl4,

h1 ¼ EIl31 þ rAr2oðo
2 � 2oOÞl1 � jTl21,

h2 ¼ EIl32 þ rAr2oðo
2 � 2oOÞl2 � jTl22,

h3 ¼ EIl33 þ rAr2oðo
2 � 2oOÞl3 � jTl23,

h4 ¼ EIl34 þ rAr2oðo
2 � 2oOÞl4 � jTl24. ðA:7Þ

Expressing the coefficients p1, p2, p3, p4 in terms of U0, a0, M0, V0, from Eq. (A.6) and substituting them into
the expressions of U1, a1, M1, V1, at x ¼ l, the relation between the state vectors on each side of a shaft element
having length l is written as follows:

Ul

al

Ml

V l

0
BBB@

1
CCCA ¼

1

D

a11 a12 a13 a14

a21 a22 a23 a24

a31 a32 a33 a34

a41 a42 a43 a44

2
6664

3
7775

U0

a0
M0

V 0

0
BBB@

1
CCCA, (A.8)

where

D ¼

1 1 1 1

l1 l2 l3 l4

g1 g2 g3 g4

h1 h2 h3 h4

�����������

�����������
; a11 ¼

el1l el2l el3l el4l

l1 l2 l3 l4

g1 g2 g3 g4

h1 h2 h3 h4

�����������

�����������
,

a12 ¼

1 1 1 1
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h1 h2 h3 h4

�����������

�����������
; a13 ¼
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l1 l2 l3 l4
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h1 h2 h3 h4

�����������

�����������
,
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l1 l2 l3 l4

g1 g2 g3 g4
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�����������

�����������
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�����������

�����������
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1 1 1 1
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�����������

�����������
; a23 ¼

1 1 1 1

l1 l2 l3 l4
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h1 h2 h3 h4

�����������

�����������
,

a24 ¼

1 1 1 1

l1 l2 l3 l4

g1 g2 g3 g4

l1el1l l2el2l l3el3l l4el4l

�����������

�����������
; a31 ¼
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l1 l2 l3 l4
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�����������

�����������
,
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a32 ¼

1 1 1 1

g1e
l1l g2e

l2l g3e
l3l g4e
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h1 h2 h3 h4

�����������

�����������
; a33 ¼

1 1 1 1

l1 l2 l3 l4
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,
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�����������
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; a43 ¼

1 1 1 1
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,

a44 ¼

1 1 1 1

l1 l2 l3 l4

g1 g2 g3 g4

h1e
l1l h2e

l2l h3e
l3l h4e

l4l

�����������

�����������
.

Eq. (A.8) is rewritten using the vectors and matrix in a simple form

fsgLiþ1 ¼ ½F �ifsg
R
i , (A.9)

where [F]i is the transfer matrix of the ith shaft element. {s} is the complex state vector, subscript i of the state
vector is the node number, and superscript L and R denote the left- and right-hand sides of the node,
respectively. The state vectors are shown below in detail:

fsgLiþ1 ¼

Uiþ1

aiþ1

Miþ1

V iþ1

0
BBBB@

1
CCCCA

L

; fsgRi ¼

Ui

ai

Mi

Vi

0
BBB@

1
CCCA

R

. (A.10)

A.2. For disk element

Ui

ai

Mi

V i

0
BBB@

1
CCCA

R

¼

1 0 0 0

0 1 0 0

0 ðoOJp � o2JtÞ 1 0

mjo2 � jco 0 0 1

2
66664

3
77775

Ui

ai

Mi

V i

0
BBB@

1
CCCA

L

þ

0

0

0

mieiO2ejðOtþbiÞ

8>>><
>>>:

9>>>=
>>>;

(A.11)

or fsgRi ¼ ½S�ifsg
L
i þ fugi

A.3. For resilient springs

The bearings in this study are assumed to have the equivalent, direct components, kYY ¼ kZZ, only
(kYZ ¼ kZY ¼ 0).
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For the resilient support at left end:

V R
1 ¼ �kUL

1 where UL
1 ¼ UR

1 . (A.12)

For the resilient support at right end:

0 ¼ VL
N � kUL

N where UL
N ¼ UR

N . (A.13)

Appendix B. State vector and transfer matrix for static gravity response

B.1. For shaft element

Since the gravity response is independent of time, the equation of motion (12) becomes an ordinary
differential equation of the time-independent variable Ug as follows:

EI
d4Ug

dx4
� jT

d3Ug

dx3
¼ jrAg. (B.1)

For simplicity, ignoring the torque applied at both ends, the gravity response curve is given by

Ug ¼ j
rAg

24EI
x4 þ c3x

3 þ c2x2 þ c1xþ c0. (B.2)

The constants ci are determined by boundary conditions.
By the similar method used for the dynamic response the relation between state vectors of each side of shaft

element due to gravity

Ug

ag

Mg

Vg

0
BBBB@

1
CCCCA

R

¼

1 l
l2

2EI

l3

6EI

0 1
l

EI

l2

2EI
0 0 1 l

0 0 0 1

2
66666664

3
77777775

Ug

ag

Mg

V g

0
BBBB@

1
CCCCA

L

þ

rAgl4

24EI

rAgl3

6EI

rAgl2

2
rAgl

0
BBBBBBBBB@

1
CCCCCCCCCA
ejðp=2Þ, (B.3)

where l is the length of the shaft element.
The above equation is rewritten as follows:

fsgg
R ¼ ½Fg�fsgg

L þ fggejðp=2Þ. (B.4)

Since the state vector is expressed on the node through this paper, the above equation is rewritten as

fsgg
L
iþ1 ¼ ½Fg�ifsgg

R
i þ fggie

jðp=2Þ, (B.5)

where the subscript i in [Fg]i and {g}i indicates the number of the shaft element.
B.2. For disk element

The relation between state vectors of each side of a disk due to gravity is written as follows:

Ug

ag

Mg

Vg

0
BBBB@

1
CCCCA

R

¼

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

2
6664

3
7775

Ug

ag

Mg

Vg

0
BBBB@

1
CCCCA

L

þ

0

0

0

mg

0
BBBB@

1
CCCCAejðp=2Þ (B.6)
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or

fsgg
R
i ¼ fsgg

L
i þ fdggie

jðp=2Þ, (B.7)

where m is the mass of disk.

B.3. For resilient springs

The bearings in this study are assumed to have the equivalent, direct components, kYY ¼ kZZ, only
(kYZ ¼ kZY ¼ 0).

For the resilient support at left end:

V R
g;1 ¼ �kUL

g;1 where UL
g;1 ¼ UR

g;1. (B.8)

For the resilient support at right end:

0 ¼ VL
g;N � kUL

g;N where UL
g;N ¼ UR

g;N . (B.9)
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